A new approach extracting multi-parametric hydrodynamic reductions for the integrable hydrodynamic chains is presented. The Benney hydrodynamic chain is considered.
Introduction
The famous Benney hydrodynamic chain [1] 
describes a fluid dynamics of a finite depth. This paper is dedicated to a construction of particular solutions.
1. Let us suppose that each moment A k can be decomposed on N functions f m(k) (z) of a single variable (N is arbitrary), i.e.
2. Let us substitute this ansatz (2) in (1) instead all moments A k with variable indices (except the first equation in (1)), and suppose that the summation with respect to the index i can be removed from the hydrodynamic reduction
x ] = 0, k = 1, 2, ..., i = 1, 2, ..., N.
It means, that hydrodynamic type system
A 0 x , k = 1, 2, ..., i = 1, 2, ..., N cannot explicitly depend on the discrete variable k. A solution of the system
is given by
where ǫ i are arbitrary constants, and the functions b i (z) are not determined yet. 
Let us suppose that
where u = A 0 (a), is the so-called "symmetric" hydrodynamic type system (see [11] ) whose generating function of conservation laws
can be obtained by the formal replacement a i → p. 
4. A consistency of (4) with (3) implies the so-called Löwner equation (see [5] and [11] )
where
Tsarev system (see [5] and [11] )
where δ ≡ Σ∂/∂a m . It is easy to see that the above moment decomposition (2)
satisfies (7) without restriction (5).
Remark: Suppose that symmetric hydrodynamic type system (7) possesses the conservation law u t = v x only (see (1) ), where v ≡ A 1 (a). Then the compatibility condition
Thus, the existence of one extra conservation law leads to the existence of infinitely many conservation laws (see (4)).
5.
Löwner equation (6) can be integrated once
under substitution (8) . λ is an integration constant here. Equation (9) of the Riemann surface (see [6] , [7] ) possesses an expansion (λ → ∞, p → ∞)
where all higher moments are determined by the moment decomposition (see (2) , (5), cf.
(8))
Suppose that λ is a function of p and field variables a k . Then the Vlasov (collisionless Boltzmann) equation (see [4] , [10] , [15] )
is fulfilled due to (1) and (10) . A substitution of the inverse series
in (10) implies explicit expressions for all conservation law densities (4) implies an infinite series of conservation laws
6. Hydrodynamic reductions (3) are semi-Hamiltonian (see [14] ) hydrodynamic type systems which can be written in the diagonal form (see [5] , [10] )
by virtue of invertible point transformations a k (r). Consistency of (15) )
written via Riemann invariants r k (cf. (6)) whose compatibility condition
implies the Gibbons-Tsarev system (cf. (7))
originally derived in [5] .
7. An arbitrary N component hydrodynamic reduction (15) can be written in the combined form (see (3) and (14)) Thus, we believe that the Gibbons-Tsarev system is also integrable. At least, we know, that the Gibbons-Tsarev system possesses infinitely many solutions parameterized by N arbitrary functions of a single variable (see [5] ). All known solutions were found in [2] , [4] , [8] , [9] , [15] . 
Hamiltonian reductions
The Benney hydrodynamic chain belongs to the class of Egorov hydrodynamic chains (see details in [12] , [13] ), which possess a pair of conservation laws a t = b x , b t = c x . In the case of the Benney hydrodynamic chain, (14)).
All commuting flows of any integrable Egorov hydrodynamic chain are integrable Egorov hydrodynamic chains too. A generating function of such Egorov's pair is given by the so-called dispersionless Hirota equations (see, for instance, [3] )
where p(λ) is a generating function of conservation law densities (see (4) and (13)) and
is a formal operator (see, for instance, in [12] ). Thus, the generating function of commuting hydrodynamic reductions (they are obtained by a formal replacement p(λ) → a i exactly as in (4))
possesses an infinite series of conservation laws (they can be obtained by a substitution of (13) in (18))
Remark: A substitution of (13) for p(ζ) and the formal series
in (18) leads to an infinite series of generating functions (cf. (4))
A substitution of (13) for p(ζ) and (20) in (19) leads to the infinite series of commuting hydrodynamic reductions
Thus, the generalized hodograph method (established by S.P. Tsarev in [14] and adopted for an arbitrary set of commuting hydrodynamic type systems by J. Gibbons and Yu.
Kodama in [6] , [7] ) implies an infinite series of particular solutions determined by the generating function
for the Benney hydrodynamic chain as well as for the Khohlov-Zabolotzkaya system (see, for instance, [8] )
Let us consider a set of hydrodynamic reductions (17) extracted by the constraint
1. In the case of the waterbag reduction (8), H 0 = Σǫ m a m . Thus, the simple computation (see (19))
leads to equation of the Riemann surface (9) . The waterbag hydrodynamic reduction (see (3) and (9)) possesses the local Hamiltonian structure of the Dubrovin-Novikov type
where the momentum and the Hamiltonian densities are given, respectively, by
2. Suppose, in comparison with the waterbag case, that
leads to the equation of the Riemann surface
associated with K + 1 component hydrodynamic type system
which has the local Hamiltonian structure
associated with K + 2 component hydrodynamic type system
All other hydrodynamic reductions of the Benney hydrodynamic chain possessing local
Hamiltonian structures
are associated with equations of the Riemann surfaces
where P M −3 (H, p) is a polynomial of a degree M − 3 with respect to p, whose coefficients depend on H 0 , ..., H M −1 . In such a case, the moment decomposition (cf. (11))
reduces the Benney hydrodynamic chaiñ
to (21). These hydrodynamic reductions were found by the so-called "symmetry constraint" approach (see [2] (10) and (22))
Remark: More complicated hydrodynamic reductions (cf. (17))
where ∆ = Σf k (a k ), can be associated with different Riemann mappings λ(p). Vlasov equation (12) is invariant under an arbitrary scalingλ(λ). Let us consider in such a case, the substitution (instead of (10))
where f (p) is an arbitrary entire function. A corresponding Taylor expansion
can be reduced to the form 
for some set of constants α k and β k , where the functions f m(k) (z) are uniquely determined by the sole function f (z) (see (26)). Indeed, a substitution of this ansatz in (24) immediately implies (23). Several such sub-cases are considered in next two Sections.
Simplest solutions of the Gibbons-Tsarev system
The first non-trivial case in this paper is given by N component hydrodynamic reduction (3) , where u is a solution of Gibbons-Tsarev system (7). Let us suppose that u depends on a sole function ∆ = Σf k (a k ) only. In such a case, three distinguished sub-cases can be extracted.
I. Gibbons-Tsarev system (7) admits N parametric solution (8) . This sub-case is well known, and already is considered with constraint (5) 
where ǫ ≡ Σǫ m . A substitution of (13) instead λ in the above formula leads to explicit expressions of conservation law densities H n via moments A k (see (11)). Then the Benney hydrodynamic chain
is equipped by the deformed Kupershmidt-Manin Poisson bracket (cf. [9] )
II. Let us look for a solution of Gibbons-Tsarev system (7) in the more general form
are not yet determined functions. A substitution of this ansatz in (7) leads to the new N + 1 parametric solution
where ǫ 0 and ǫ k are arbitrary constants. A corresponding equation of the Riemann surface is given by
Hydrodynamic type system (3) can be rewritten as the Benney hydrodynamic chain written in the form
Then (28) (instead (10)) reduces to the form (p → ∞)
III. Let us look for a solution of Gibbons-Tsarev system (7) in the form u(∆), where
are not yet determined functions. A substitution of this ansatz in (7) leads to the new N + 2 parametric solution
where σ, ξ, ǫ 0 and ǫ k are arbitrary constants (if σ = 0, the constant ξ is removable by an appropriate shift A 0 → A 0 − ξ/σ, i.e. just N + 2 independent arbitrary constants). A corresponding equation of the Riemann surface can be found in quadratures
Let us introduce an infinite set of moments A k (a) determined by quadratures
In such a case, hydrodynamic type system can be written as the Benney hydrodynamic chain (cf. (1) and (14)) written in the form
Then above equation of the Riemann surface reduces to the form (p → ∞)
p 2 −ǫ 0 p dp + e 
Second and third particular cases
In this Section, two extra multi-parametric generalizations (see (25)) of hydrodynamic reductions equipped by local Hamiltonian structures of the Dubrovin-Novikov type (see Section 2) are described.
1. K + 1 component hydrodynamic reduction (cf. (3) and (17))
where v ≡ H 1 (a, u), is a semi-Hamiltonian hydrodynamic type system if at least one extra conservation law (see (14) , n = 1)
where w ≡ H 2 (a, u), exists. In such a case, the compatibility conditions
and ∂ k (∂ u w) = ∂ u (∂ k w) lead to the Gibbons-Tsarev system (cf. (7))
A consistency of (4) and (29) leads to the Löwner equations (cf. (6))
Suppose (like in the previous Section) that v depends on u and a sole function ∆ = Σf k (a k ) only. This ansatz reduces the above Gibbons-Tsarev system to
, whose solution is given by
where α, β, γ, ǫ 0 and ǫ k are constants.
Then these Löwner equations can be integrated once, and equation of the Riemann surface can be found in quadratures
p 2 −γp dp − βe
Introducing moments A k by their derivatives
the above equation reduces to
p 2 −γp dp + βe ǫ 0 2
Remark: Hydrodynamic reductions (29) depend on N + 3 arbitrary parameters α, β, ǫ 0 and ǫ k , because the constant γ can be removed by the Galilean transformation.
2. K + 2 component hydrodynamic reduction (cf. (3) and (17))
where w ≡ H 2 (a, u, v), is a semi-Hamiltonian hydrodynamic type system if at least one extra conservation law (see (14) , n = 2)
where s ≡ H 3 (a, u, v), exists. In such a case, the compatibility conditions
Tsarev system (cf. (7))
consistency of (4) and (30) leads to the Löwner equations (cf. (6))
A corresponding form of the Benney hydrodynamic chain is given by 
Conclusion and Outlook
In the same way, all other hydrodynamic reductions (25) can be completely described.
Possibly, most general ansatz is given by (17), where the function H K (a, H) depend on a finite number of momentsÃ l (see (27)), i.e. l = 0, 1, ..., L, where L is some natural number.
For instance, let us suppose that H 0 depends on ∆ 1 = Σf k(1) (a k ) and ∆ 2 = Σf k(2) (a k ) only, and f i (a k ) are unknown functions yet. In the simplest case, f k(1) (a k ) = ǫ k a k and 
